The first aim of this paper is to introduce and study symmetric (Bi)Hom-Leibniz algebras, which are left and right Leibniz algebras. We discuss α k β l -generalized derivations, α k β l -quasi-derivations and α k β l -quasi-centroid of (Bi)Hom-Leibniz algebras and colour BiHomLeibniz algebras. The second aim is to define a new type of BiHom-Lie algebras satisfies the following hierarchy
Introduction
J.L. Loday introduced, In 1993, Leibniz algebras which are a generalization of Lie algebras [28, 29] . They are defined by a bilinear bracket which is no longer skew-symmetric. More precisely, A left Leibniz algebra over a a field K is a K-vector space A with a K-bilinear map [ In the last years, the theory of Leibniz algebras has been extensively studied. Many results on Lie algebras have been generalized to the case of Leibniz algebras ( [5, 9, 10, 14, 16, 17, 19, 20, 35] ). More recently, several papers deal with a so-called symmetric Leibniz algebras, which are left and et right Leibniz algebras.
A superalgebra is a Z 2 -graded algebra A = A 0 ⊕ A 1 (that is, if a ∈ A α , b ∈ A β , α, β ∈ Z 2 = {0, 1}, then, ab ∈ A α+β ). A Lie superalgebra is a superalgebra A with an operation [·, ·] satisfying the following identities: for all homogeneous elements a, b, c ∈ A 0 ∪ A 1 . Leibniz superalgebras appeared as an extension of Leibniz algebras (see [11, 23] ), in a similar way than Lie superalgebras generalize Lie algebras, motivated in part for its applications in Physics. Color Lie (super)algebras, originally introduced in [36, 37] , can be seen as a direct generalization of Lie (super)algebras. Indeed, the latter are defined through antisymmetric (commutator) or symmetric (anticommutator) products, although for the former the product is neither symmetric nor antisymmetric and is defined by means of a commutation factor. This commutation factor is equal to ∓1 for (super)Lie algebras and more general for arbitrary color Lie (super)algebras. As happened for Lie superalgebras, the basic tool to define color Lie (super)algebras is a grading determined by an abelian group. The latter, besides defining the underlying grading in the structure, moreover, provides a new object known as commutation factor. Hom-algebra structures are given on linear spaces by products twisted by linear maps. Hom-Lie algebras and general quasi-Hom-Lie and quasiLie algebras were introduced by Hartwig, Larsson and Silvestrov as algebras embracing Lie algebras, super and color Lie algebras and their quasideformations by twisted derivations. In [40] , the authors gives a systematic exploration of other possibilities to define Hom-type algebras. In [21] , the authors introduced a generalized algebraic structure endowed with two commuting multiplicative linear maps, called BiHom-algebras.These algebraic structures include BiHom-associative algebras, BiHom-Lie algebras and BiHom-Leibniz algebras. In some particular cases, when the two linear maps are the same, BiHom-algebras led to Hom-algebras. In this paper, we study symmetric (super)Hom-Leibniz, (colour)BiHom-Leibniz, BiHom-Leibniz algebras of type B 1 and B 2 . Recall from [21] , that a BiHomLie algebra is a 4-tuple (L, [·, ·], α, β) where L is a K-linear space, α, β : L → L are linear maps and [·, ·] : L × L → L is a bilinear map, satisfying the following conditions, for all x, y, z ∈ L :
Obviously, there is a hierarchy of algebras.
Hence, one recovers Lie algebras properties from Hom-Lie algebras when stating α = id L . It turns out that the hierarchy (0.9) doesn't hold for BiHom-Lie algebras. This led us to construct special types of BiHom-algebras that retains this property. We introduce Bihom-Lie algebras of type B 1 , where (0.6) and (0.7) are replaced by [β(x),
A BiHom-Lie algebra in the usual sense should be referred to be "BiHom-Lie algebra of type B 2 ". With BiHom-Lie algebras of type B 2 , we have
where, the Hom-Lie algebra of type I 2 is given by the skew-symmetric bilinear bracket satisfying x,y,z [x, [y, α(z)] = 0.
Throughout the article, we mean by a (Bi)Hom-Leibniz algebra a left or right or symmetric (Bi)Hom-Leibniz algebra.
The paper is organized as follows. In Section 1, we recall definitions and some key constructions of Hom-Leibniz (super)algebras and give some example of symmetric Hom-Leibniz (super)algebras. Moreover we introduce the concept of centroid and quasicentroid for Hom-Leibniz superalgebra (left or right or symmetric) and study some of their properties. In Section 2, we give some constructions of Hom-Lie algebras by BiHom-Lie algebras and conversely. Also, we provide a construction of BiHom-Leibniz algebras L (α,β) = (L, {·, ·}, α, β) from a Leibniz algebras (L, [·, ·]). We also give some basic definitions, properties of Ideals of BiHom-Leibniz algebras. This section also includes the concept of generalized derivations of a BiHom-Leibniz algebras and some properties. Section 3 is dedicated to BiHom-Leibniz colour algebras, we give a BiHom-Lie colour algebra (A, [·, ·], α, β, ε) from an associative colour algebra (A, µ, ε). We construct color BiHom-Leibniz algebras starting from two even centroids of Leibniz or BiHom-Leibniz colour algebras. In Section 4, we define BiHom-Lie and BiHom-Leibniz algebras of type B 1 , we study representations of symmetric BiHom-Leibniz algebras of type B 1 , and give their cohomology. We show that any extension of a symmetric BiHom-Leibniz algebras of type B 1 , are controlled by the second cohomology with respect its corresponding representation.
Symmetric Hom-Leibniz (super)algebras
In this section, we define the symmetric Hom-Leibniz (super)algebras generalizing the well known Leibniz algebras given in [4, 17] and we gives a few examples of the symmetric Hom-Leibniz (super)algebras. We also study some properties of centroids of Hom-Leibniz superalgebras. 
for all x, y, z ∈ G. The two condition lead to the following identities.
for all x, y, z ∈ G.
Now, we define left and right Hom-Leibniz algebras. 1.4) ).
Obviously, a Hom-Lie algebra is a left and right Hom-Leibniz algebra. If α = id L , then a left (resp. right) Hom-Leibniz algebra becomes a left (resp. right) Leibniz algebra. A left (resp. right) Hom-Leibniz algebra is a Hom-Lie algebra if and only if [ 
L is a Hom-Lie algebra
The others brackets are equal to 0. For any linear map α on G, the triple
is not a Hom-Lie algebra but it is a symmetric HomLeibniz algebra.
In the following examples, we construct Hom-Leibniz algebras on a vector space L ⊗ L starting from a Lie or a Hom-Lie algebra L. 
defines a Leibniz algebra structure on the vector space G ⊗ G.
Using Proposition 1.5 and Proposition 1.4 we obtain the following result.
′ ) be a Lie algebra and α : G → G be a Lie algebra endomorphism. We define on G ⊗ G the following bracket
Remark 1.7. In order to get a left Hom-Leibniz algebra.
Centroids and derivations of Hom-Leibniz superalgebra
The concept of centroids and derivation of Leibniz algebras is introduced in [24] . Left Leibniz superalgebras, originally were introduced by Dzhumadil'daev in [15] , can be seen as a direct generalization of Leibniz algebras. The left Hom-Leibniz superalgebras is introduced in [8] . In this section, we introduce the notion of right and symmetric Hom-Leibniz superalgebras. Moreover, we introduce the concept of centroids and derivation of HomLeibniz superalgebras .
Let V be a vector superspace over a field K that is a Z 2 -graded vector space with a direct sum V = V 0 ⊕ V 1 . The elements of V j , j ∈ Z 2 , are said to be homogenous of parity j. The parity of a homogeneous element x is denoted by |x|. The space End(V ) is Z 2 -graded with a direct sum
The elements of (End(V )) j are said to be homogenous of parity j. 
and the mapα
:
for all homogeneous elements x, y ∈ G and v ∈ V.
(
ii) a right Hom-Leibniz superalgebra if it satisfies
The following proposition provides a method to construct a left HomLeibniz superalgebra by a module of Hom-Lie superalgebra.
Now, we define the symmetric Hom-Leibniz superalgebra. We consider the homomorphism α : L → L defined by the matrix
In the following of this section we study the structure of the centroids and derivations of Hom-Leibniz superalgebras.
Proof. The proof of previous theorem is similar to the case Leibniz algebra given in [24] . 
BiHom-Leibniz algebras
In this section, we recall the notion of BiHom-Lie algebras and then give some relations between it and the Hom-Lie algebras. Moreover, we introduce the notion of symmetric BiHom-Leibniz algebras. We introduce the definitions and give some properties related to ideals of BiHom-Leibniz algebras and we extend the concept of (α, β, γ)-derivations of Lie algebras introduced in [33] to BiHom-Leibniz case.
BiHom-Lie algebras
We first recall the definition of Hom-Lie algebra of type I 3 and then we give some connections between they and BiHon-Lie algebras. . 
In particular, if α and β preserves the bracket, then we call (L, [·, ·], α, β) a multiplicative BiHom-Lie algebra. We recover Hom-Lie algebra when we have β = id L and β is a bijective. If (L, [·, ·], α) is a Hom-Lie algebra of type I 3 and α is in the centroid of
In the following of this subsection, we establish a connection between BiHom-Lie algebra and (original) Hom-Lie algebra. 
BiHom-Leibniz algebras
Inspired by [4] , the definition of generalized derivations of Lie algebras (see [18] ) and the definition of twisted derivations (see [13] ) , we introduce the concept of BiHom-Leibniz algebra .
for all x, y, z ∈ L. 
2)
for all x, y, z ∈ L. Proof.
is a left BiHomLeibniz algebra (see [27] ). It remains to show the equality 2.2 is satisfied:
, a] (see [4] ) .
Therefore, we have
By Proposition 2.8, we deduce that L (α,β) is a symmetric BiHom-Leibniz algebra.
The following results gives a way to construct Hom-Leibniz algebra starting from a BiHom-Leibniz algebra. 
Ideals of BiHom-Leibniz algebras
In this subsection we extend Ideals of Hom-Leibniz algebras introduced in [6] to BiHom-Leibniz algebras. 
(e) If L is a left (resp. right) BiHom-Leibniz algebra and β (resp. α ) is surjective, then [H, K] is an ideal of L; (f ) If α and β are surjective, then [H, K] is a two-sided ideal of L.
In the following, we extend some result of Ideals of Leibniz algebras introduced in [4] to BiHom-Leibniz case: 
It is clear that L is a BiHom-Lie algebra if and only if
I L = {0}. Therefore, the quotient algebra L/I L is a BiHom-Lie algebra. Proposition 2.15. If (L, [·, ·], α, β) is a symmetric BiHom-Leibniz algebra, then the two-sided ideal L 2 = [L, L], [·, ·] /L 2 ×L 2 , α /L 2 , β /L 2 is a BiHom-Lie algebra.
(λ, µ, γ)-derivations
Let (L, [·, ·], α, β) be a BiHom-Leibniz algebra. We set
set of derivations of the Bihom-Leibniz algebra (L, [·, ·], α, β).

Proposition 2.18. Let (L, [·, ·], α, β) be a left BiHom-Leibniz algebra and
(ii) 
We denote the set of all (λ, µ, γ)-derivations by Der
Definition 2.21. Let (L, [·, ·], α, β) be a BiHom-Leibniz algebra over a field
we fix the followings particular cases:
Now, we consider the subspace 
(e) If λ = 0 and 
BiHom-Leibniz colour algebras
Let Γ be an abelian group. A vector space A is said to be Γ-graded, if there is a family (A γ ) γ∈Γ of vector subspace of A such that A = ⊕ γ∈Γ A γ . An element x ∈ A is said to be homogeneous of degree γ if x ∈ A γ . We denote by H(A) the set of all the homogeneous elements of A. (a, b + c) = ε(a, b)ε(a, c) ; , c)ε(b, c) .
If x and y are two homogeneous elements of degree γ and γ ′ respectively, then we shorten the notation by writing ε(x, y) instead of ε(γ, γ ′ ).
BiHom-Lie colour algebras
In the following we summarize definitions of BiHom-Lie and BiHom-associative color algebraic structures generalizing the well known Hom-Lie and Hom-associative color algebras (See [42] ). 
Definition 3.3 (BiHom-associative colour algebras). (see [25] ) A BiHomassociative colour algebra over K is a 5-tuple (A, µ, ε, α, β) consisting of a Γ-graded vector space A, an even bilinear mapping µ :
, a bicharacter ε : A × A → K * and two even homomorphisme α, β : A → A such that α • β = β • α and for all x, y, z ∈ A we have µ (α(x), µ(y, z)) = µ (µ(x, y), β(z)) . In particular, if α(µ(x, y)) = µ(α(x), α(y)) and β(µ(x, y)) = µ(β(x), β(y)), we call it multiplicative Bihom-associative colour algebra.
Inspired by [27] , we give the following constructions of BiHom-associative and BiHom-Lie algebras starting by an ordinary associative colour algebra. Proposition 3.4. Let (A, µ, ε) be an ordinary associative colour algebra and let α, β : A → A two commuting even linear maps such that α (µ(x, y)) = µ (α(x), α(y)) and β (µ(x, y)) = µ (β(x), β(y)) , for all x, y ∈ H(A) . Define the even linear map
) is a BiHom-associative (resp. BiHom-Lie ) colour algebra.
BiHom-Leibniz colour algebras
First we introduce a definition of BiHom-Leibniz colour algebra. 
holds.
(ii) right BiHom-Leibniz colour algebra if for any homogeneous elements x, y, z ∈ L if it satisfies the identity
Remark 3.6.
) is a left (resp. right) Leibniz colour algebra if and only if
is a left (resp. right) BiHom-Leibniz colour algebra. 
Respectively
for all homogeneous elements x, y, z ∈ L.
is a left and a right BiHom-Leibniz colour algebra, then L is called a symmetric BiHom-Leibniz colour algebra.
) is a symmetric BiHom-Leibniz colour algebra if and only if
In the following we construct BiHom-Leibniz colour algebras involving elements of the centroid of colour Leibniz algebras. Let (L, [·, ·], ε) be a Leibniz colour lalgebra. An endomorphism α ∈ End(L) γ of degree d is said to be an element of degree γ of the centroid if 
Proof. Since α and β are even, then ε(γ, x) = 1. Therefore, {x, y}
Similarly,
is a left Leibniz colour lalgebra :
is a symmetric Leibniz colour lalgebra :
Then, (L, [·, ·], ε, α, β) is a symmetric BiHom-Leibniz colour lalgebra. 
is called the centroids of L.
In the following proposition, we construct colour BiHom-Leibniz algebras starting from a colour BiHom-Leibniz algebra and an two even element in its centroid. 
Representations of BiHom-Leibniz algebras of type B 1
Lie algebra cohomology was introduced by Chevalley and Eilenberg [7] . For Hom-Lie algebra, the cohomology theory has been given by [32, 38] . A cohomology of BiHom-Lie algebras were introduced and investigated in [43] . We refer the reader to [29, 30, 34, 12] for more information about Leibniz representations and Leibniz cohomologies. In the following we define a representations of (Bi)Hom-Leibniz algebras of type B 1 and the corresponding coboundary operators. We show that one can obtain the direct sum symmetric (
Definition 4.8. Let V be a vector space, α V , β V ∈ End(V ) and r, l : L → End(V ) be two linear maps satisfying
In the rest of this article, if r, l : • The k-cocycles space is defined as Z k (L, V ) = ker δ k .
• The k-coboundary space is defined as B k (L, V ) = Im δ k−1 .
• The k th cohomology space is the quotient
If (ad n,m , Ad n,m ) is a symmetric adjoint representation of L. Then any
Extensions of BiHom-Leibniz algebras of type B 1
In this section we extend extensions theory of Leibniz algebras introduced in [30] 
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